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according as 9) 0(modn ≡/  or 9) 0(modn ≡  and )9())(\)((=)9( *******~* nQnQnQnQ ∪  for all 

n  which are invariant subsets of QmQ \)(  under the action of 〉〈 1==:,= 62 yxyxM . Specifically we show 

that )(9=)(9~* popo GM  for all prime 
p

, where )(9~* poM  denotes the number of M -orbits of )9(* pQ :
 and 

)(9 poG  denotes the number of G -orbits of )9(* pQ . Also we prove that )(=)(*** popo GM  if 3) 1(modp ≡  

where )(*** poM  denotes the number of M -orbits of )(*** pQ .  
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INTRODUCTION AND PRELIMINARIES 
 An extension of degree 2  of the field of rational 

numbers Q  is called the real quadratic field )( mQ , 

where 0>m  is square free integer. Since 

}){()\)((=}{)(=)( ∞∪∪∞∪ QQmQmQmPLQ
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 is a G -subset of QmQ \)(  where mkn 2= . 

Since )(* nQ  and )(* nQ ′  are disjoint if and only 

if 
nn ′,

 are distinct integers, so 

)(=\)( 2* mkQQmQ
NkU ∈

 is disjoint union. It 

was proved in 1988 by Mushtaq and Aslam, that the action 

of M  on }{∞∪Q  is transitive whereas the action of 

M  on QmQ \)(  is intransitive was proved in 2004, 

by Malik alet ., by proving that 
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. The group 〉〈 1==:,= 32 yxyxG  where 
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fractional transformations, is the Modular group. The 

group 〉〈 1==:,= 62 yxyxM  where 
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transformations, is the Möbius group. Since 

)9())(\)((=)9(')(' ******* nQnQnQnQnQ ∪′′∩′′
 for each non square n , so 

)('=\)( 2mkQQmQ
Nk

′′
∈U  is not disjoint 

union. However this reduces the study of action of M  on 

QmQ \)(  to the study of action of M  on 

)(' nQ ′′
. 

For brevity we denote )9())(\)(( ******* nQnQnQ ∪  

by )9(~* nQ  for all non square n . 
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 Hence this further reduces the study of action of 

M  on )(' nQ ′′  to the study of the action of M  on 

)(*** nQ  or )(~* nQ  according as 

9) 0(modn ≡/  or 9) 0(modn ≡  and )9(~* nQ  

for all non-square n . An element )(* nQ
c

na ∈+
 

is called ambiguous number if and only if na <2
 and 

)(*

1 nQ , )(***

1 nQ , )(~*

1 nQ , )('

1 nQ
′′

 stands 

for the set of ambiguous numbers of )(* nQ , 

)(*** nQ , )(~* nQ , )(' nQ
′′

 respectively. 

 In 1978 , G. Higman used the idea of coset 

diagram (generalization of Cayley graphs) to study the 

action of such finitely generated infinite groups on infinite 

fields for the first time. In 1995 (Malik alet .), the 

cardinality of 

}<:)({=)( 2**

1 nanQ
c

na
nQ ∈+

 was 

determined. In 1988, by Mushtaq and Aslam, it was 

proved that the ambiguous numbers in the coset diagram 

under the action of Möbius group form a single closed 

path and it is the only closed path contained in each orbit, 
Mα , where QmQ \)(∈α . Both these results urge 

one to think how many such paths exist under the action of 

M  on )(' nQ
′′

.  

 It is quite appealing to relate the group action on 

quadratic field to new and fascinating multi-front of 

algebraic number theory. It is easy to see that the set 

)(* nQ  is the set of all roots of the primitive second 

degree equations 0=22 batct ++  with reduced 

discriminant nbca == 2 −∆ . If α  is the root of the 

equation 0=22 batct ++ , then )(αx  and )(αy  

are the roots of the second degree equations 

0=
3

23 2 c
atbt ++  and 

0=
3

)2()3(2 2 c
tcatcba +++++  respectively. It 

is worth noticing that all these three equations admit the 

same reduced discriminant, ∆ . This shows that 

)(' nQ ′′  is an M -subset of QmQ \)(  and hence 

for each 9) 0(modn ≡/ , 

3)} 0(:)({=)( **** modcnQ
c

na
nQ ≡∈+

 

is an M -subset of )(' nQ ′′ . If α  and its algebraic 

conjugate α  have opposite signs then α  is called 

ambiguous number. 

 The action of G  on )(* nQ  was discussed 

by (Malik alet ., 2000, 2004), and it was proved that G  

acts on )2(*Q  transitively whereas the action of G  

on 2 ),(* ≠nnQ  is intransitive. The exact number of 

ambiguous numbers in )(* nQ  for all non-square n  

as a function of n  was determined by (Malik alet ., 

2004). The M -subsets of )(' nQ ′′  were explored in 

(Malik alet ., 2004, 2012) by using coset diagram. 

Closed paths in the coset diagrams for a subgroup of M  

acting on )( mQ  were studied by Aslam and Mushtaq, 

2004. The orbits of )(* nQ  under the action of G  

were discussed by (Kouser alet ., 2000, Malik and 

Aneesa 2011, 2012) and it has been investigated that the 

number )( poG , the number of G -orbits of )(* pQ , 

is even. It is quite captivating to explore the transitive M

-subsets of )(' nQ ′′  and to determine the number 

)(noM  of M -orbits of )(' nQ ′′  in terms of )(noG

 Throughout this paper G  and M  stands for 

Modular and Möbius group respectively, n  for 

non-square positive, α  for 
c

na +
, )/( ••  for 

Legendre symbol, )(~* noM  when 9) 0(modn ≡  

(respectively )(*** noM  when 9) 0(modn ≡/ ) denotes 

the number of M -orbits of )(* nQ :
 ( respectively 

)(*** nQ ). )(9~* noM  denote the number of M -orbits 

of )9(~* nQ . In what follows throughout that p  is an 

odd prime, unless otherwise mentioned. 

In Section 2  we study the action of M  on )(' nQ ′′  

and determine cardinalities of some M -subsets of 

)(' nQ ′′ . We prove that  

                       )(9=)(9~* popo GM  

and find )( poM  in terms of )( poG .  

Section 3  is concerned with the M -orbits of 

)9(~* pQ  when 4) 1(modp ≡ . In particular we 

have been able to prove that )9(~* pQ  splits into 
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atleast four M -orbits when 4) 1(modp ≡ . In Section 

4 , we further find some more M -orbits when 
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To accomplish our work we enlist several already proved 

lemmas that will be used in the subsequent work. 

Lemma 1.1 (Malik alet ., 1995) Let m  be a 

square-free positive integer. Then: 
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Lemma 1.2 (Malik alet ., 2000) Let 4) 1(modp ≡  
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 which are mapped onto their conjugates under x. 

Lemma 1.3 (Malik alet ., 2000) Let 4) 1(modp ≡ . 

Then )(* pQ  splits into at least two G -orbits, 

namely, 
Gp )(  and 

Gp
)
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1
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+
 under the action of 

G . 

Lemma 1.4 (Malik and Aneesa, 2012) Let 
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Lemma 1.5 (Malik alet ., 2004) Let 
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Lemma 1.6 (Malik alet ., 2012) Let 

3)} 1(    )(:{= *

1 modborcwithnQX ≡∈αα  

and 

3)} 2(    )(:{= *

3 modborcwithnQX ≡∈αα . 

Then )( 11 XxX ∪  and )( 33 XxX ∪  are M-subsets 

of )9(* nQ :
. 

Lemma 1.7 (Malik alet ., 2012) ~ 
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Lemma 1.8 (Malik alet ., 2012) Let 9) 0(modn ≡  

and )(* nQ∈α . Then:   

1.  If 3 does not divide a then 
3

α
 belongs to 

)9(*** nQ  

2.  If a|3  then 
3

α
 belongs to 

)
9

(\)
9

( **** n
Q

n
Q  or )9(*** nQ  according as 

)(\)( **** nQnQ∈α  or )(*** nQ .  

Lemma 1.9 (Malik alet ., 1995) Let n  be square free 

positive integer. Then: 

)('4)('2|=)(| 2

1=

***

1 annnQ
n

a
−′′+′′ ∑

 ττ  where 

)(' u′′τ  denotes those divisors of u , which are divisible 

by 3 .   

Lemma 1.10 (Malik alet ., 2004) Let )(' nQ ′′∈α . 

Then 
MM )(= αα  if and only if there exists an element 

β  in 
Mα  such that ββ =)(x  

2  M-subsets of )(' 2mkQ ′′  

We start this section with the following definition.  

Definition 2.1 By a circuit, we shall mean closed path of 

edges and hexagons in the coset diagram for M -orbit 

)(  * nQwhereM ∈αα . 

If knnnnn ,...,,,, 4321  is a sequence of positive integers 
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and  

kllj iikliii ≠−≠ + 11 1),1,2,...,=( 0,1,2,3,4,=  (1) 

 Then by a circuit of the type 
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kiiiii nnnnn  we shall mean the circuit 

(counter clockwise) in which kjn j 1,2,3,...,=,  

hexagons have ji  vertices outside the circuit. 

Remarks 2.2 1. Since it is immaterial with which 
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described by the equations (1)  or more briefly by  
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 3. This circuit induces an element 
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k
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 of H  and 

fixes a particular vertex of a hexagon lying on the circuit 

and hence the ambiguous length of this circuit is given by  

)...2( 321 knnnn ++++  

4. All of the )...2( 21 knnn +++  numbers lies in the 

same orbit and hence each of them has the same type. 

 For example, by the circuit of the type 

),6,2,1,3,1(2 023410  we mean the circuit induces an 

element 
22354236 ))(())(()()(= xyxyxyxyxyxyg  

of M  which fixes some vertex k  and the ambiguous 

length of this circuit will be 6)21312(2 +++++ . 

 Next in this section we are concerned with the 

ambiguous cardinalities of M -subsets of )(' nQ ′′ .In 

the following lemma we find the condition for the sets 

)(\)(( **** nQnQ  and )(* nQ  to be equivalent 

to )9(*** nQ . 
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Proof: The proof follows by the mapping  
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bijection. □ 

The following corollary is an immediate consequence of 

Lemma 2.3 . 
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The following lemmas give us cardinality of )9(*

1 nQ :

.□ 

Lemmas 2.5 
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1 nQnQ  if 9) 0(modn ≡ .  

Proof: The proof directly follows from the definition of 

)9(~* nQ  and Lemma 2.3 . □ 

The following lemmas give us the cardinality of 

)('1 nQ ′′ . 
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Proof: The proof directly follows from the definition of 

)(' nQ ′′ , Lemmas 2.3  and 2.5 . □ 

3  M -Orbits of )(' pQ ′′  and )9(~* pQ  

 Since 3) 2(  1 modorp ≡  for each 5≥p  and 

similarly 4) 3(  1 modorp ≡  for each 2>p . Thus 

24) 19(  1,7,13 modorp ≡  according as 

8) 3(  1,7,5 modorp ≡  and 

24) 23(  5,11,17 modorp ≡  according as 

8) 7(  5,3,1 modorp ≡ . In Theorem 4.4  (see Malik 

alet ., 2000) it has been proved that if 4) 1(modp ≡ , 

then )(* pQ  splits into atleast two G -orbits, namely 

GG p
andp )

2

1
(  )(

+
. Two M -subsets namely 

)(  )( BxBandAxA ∪∪ where 
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1}=3)/(  3)/(  )(:{= * corbwithnQA ∈αα  

and 

1}=3)/(  3)/(  )(:{= * −∈ corbwithnQB αα
were found by Malik alet ., 2012. In this section we also 

determine M -orbits of )9(~* pQ  and investigate 

ambiguous lengths of these orbits in terms of p  where 

4) 1(modp ≡ . In the following theorem we discuss the 

number )( poM  of M -orbits of )(' pQ ′′  in terms 

of number )( poG  of G -orbits of )(* pQ  for all 

p
. 

Theorem 3.1 If 3>p  such that 31 ≠p . Then: 

)(9=)(9~* popo GM

:
 

Proof: If X  is any G -orbit of )9(* pQ , then 

clearly 

3)} 0(:{=)9(*** modcXpQX ≡∈∩ α  is not 

empty and hence 

∅∩∩∩ =))9(())9(( ****** pQYpQX  

whenever X  and Y  are distinct G -orbits. Then, 

clearly number of sets of the type )9(*** pQX ∩  is 

)(9 poG . By Lemma 2.3 and Corollary 2.4 we find that 

the number of M -orbits of )9(~* pQ , is equal to 

)(9 poG . This completes the proof.□ 

 In the following remark we give the number of 

M -orbits of )(*** pQ  and determine the relationship 

between the number of G -orbits of )(* pQ  and 

number of G -orbits of )9(* pQ . 

Remark 3.2 It can be easily seen that:   

    1.  )(=)(~* popo GM  when 3) 1(modp ≡ .  

    2.   
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 In the following theorem we give the exact number of 

M -orbits of )9(~* pQ  and )(' pQ ′′ . 

Theorem 3.3 

    1.  Let 3) 1(modp ≡  such that 31≠p . Then:   

        (a) )(2=)(9~* popo GM  

        (b) )(3=)( popo GM  

    2.   
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Proof: The proof directly follows by using Theorem 3.1 

and Remark 3.2 .□ 

Example 3.4 If 31=p , then )9(~* pQ  splits into 

exactly six M -orbits and )31(***Q  splits into two 

M -orbits whereas )31(*Q  splits into two G -orbits. 

Also )31(\)31( ***QG
 (respectively 

)31(\)31( ***QG− ) splits into three M -orbits 

namely 
M)31( , 

M)
2

311
(

+
and 

M)
5

311
(

+
 

respectively 
MM )

2

311
(,)31(

−
+−−  and 
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5
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(

−
+−

). Thus 8=(31)Mo .♦ 

Example 3.5 Since 2=(3)Go . 

}
3

3
,

3

3
{=)3(***

1 −
Q  which map on each other 

under the action of M  and forms a single closed path. 

Also )27(~*Q  splits into exactly two distinct M

-orbits namely 
M)3(  and 

M)
1

3
(

−
. Thus 

3=(3)Mo
. ♦ 

The following lemma will be used in the subsequent work 

and provides us a base to proceed further. 

Lemma 3.6 Let Nk ∈  and for all )(* nQ∈α  

Then:   

    1.  )()(==)()( 5 ααα kk xykxy −+  

    2.  )()(=
31

=)()( 5 α
α

αα kk xy
k

yx −

−
 

Proof: These results are straightforward and can be 

verified by Table 1. 

Table 1The action of yx,  on )(' nQ ′′∈α  

 
α  a  b  

c  

1=)( +ααxy  
ca +  cba ++2  

c  

kxy
k +αα =)()(

 
kca +  kbka 22 ++

 

c  
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13
=))(( 5

+α
ααxy

 

ba 3+  b  cba ++ 96  

3
=)()( 5

+α
αα

k
xy k

 

kba 3+
 

b  bkka ++ 296
 

 In the following theorem we find the ambiguous lengths of M -orbits found in Theorem 3.1 in terms of 
p

. 

Theorem 3.7 Let 12) 5(modp ≡  such that 

2=1 − pp . Then:   
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Proof: The proof is analogous to the proof of Theorem 

3.1 using the fact given in Remark 3.2 .□ 

Example 3.8 

1.  By Theorem 3.4 , 
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and circuit have the type ),1(1 02 .  

2.  By Theorem 3.4 , 
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the circuit have the type 
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 The following theorem is concerned with the type 

of circuit found in Theorem 3.1. 

Theorem 3.10 Let 12) 1(modp ≡  such that 
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16 −p .  

2.  The circuits of 
Mp

)
2

1
(

+
 and 

Mp
)

2

1
(

−
+−

 

have the type 

)1)
2

1
(,,11)

3

1
(,,1)

2

1
(( 02420 −

−
−

−


−


ppp

 and hence have ambiguous length 1
3

8 −p .  

Proof: In order to prove second part it is sufficient to find 

the element Mg ∈  such that 

2

1
=)

2

1
)((

pp
g

++
. Using Lemma 3.6  we 

obtain 2

1)1(
=)

2

1
()(

1
2

1
ppp

xy

p +−−+−
−



 

Using Lemma 2.1  (Malik alet ., 2004) we have 

413

3)1(
=)

2

1
())((

1
2

1

3

−−
+−−+−

−


p

ppp
xyxy

p

Using Lemma 3.6  we obtain 

413

)1(3
=)

2

1
())(()(

1
2

1

3
1

2

1

5

−−

+−−+−
−

−
−



p

ppp
xyxyxy

pp

. Using Lemma 2.1  (Malik alet ., 2004) we have 
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2

)1(1
=)

2

1
())(())((

1
2

1

3
1

2

1

53 ppp
xyxyxyxy

pp +−−+−
−

−
−



 Using Lemma 3.6  we obtain 

)
2

1
(=)

2

1
())(())(()(

1
2

1

3
1

2

1

532

1
pp

xyxyxyxyxy

ppp ++−
−

−
−


−



. Hence The circuit of 
Mp

)
2

1
(

+
 have the type 

)1)
2

1
(,,11)

3

1
(,,1)

2

1
(( 02420 −

−
−

−


−


ppp

 and hence have ambiguous length 1
3

8 −p . First part 

can be proved similarly.□ 

Example 3.11  1.  Let 37=p . Then by Theorem 

3.10 , the element of M  that fixes 37=α  and its 

conjugate is 
6456 )()()( xyxyxy , the circuit of 

M)
1

37
(  and its conjugate have the type ),6,4(6 040  

and amb

M

amb

M pp
|)

1
(=|32=|)

1
(|

−
.  

 2.  The element of M  that fixes 
2

1
=

p+
β  and its 

conjugate is 
23533 ))()()(()( xyxyxyxyxy , the circuit of 

Mp
)

2

1
(

+
 and its conjugate have the type 

),3,1,1,1(2 02420  and 

amb

M

amb

M pp
|)

2

1
(=|16=|)

2

1
(|

−
+−+

.♦ 

Theorem 3.12 Let 12) 5(modp ≡  such that 

2=4 − pp . Then:   

1.  amb

M

amb

M p
p

p
|)

1
(=|2)42(6=|)

1
(|

−
+−  

2.  

amb

M

amb

M p
p

p
|)

2

1
(=|44=|)

2

1
(|

−
+−

−
−
+−

 

Proof: The proof is Straightforward.□ 

4  M -Orbits of )9(~* pQ , 4) 1(modp ≡  with 

4>)(~* poM  

Let 4) 1(modp ≡ . If  

|)9(=||)
2

1
(||)

2

1
(||)

1
(||)(|

~*

1 pQ
ppp

p amb

M

amb

M

amb

M

amb

M

−
+−

+
+

+
−

+

, 

Then we have 4=)(~* poM . If  

|)9(<||)
2

1
(||)

2

1
(||)

1
(||)(| ~*

1 pQ
ppp

p amb

M

amb

M

amb

M

amb

M :

−
+−

+
+

+
−

+

 

Then we have the following results. 

Lemma 4.1 Let 4) 1(modn ≡ . Then:   

 1 ∅∩ =)()( MM αα  for all 

))
2

1
()

2

1
()

1
()((\)9(~* MMMM nnn

nnQ
−
+−∪+∪

−
∪∈ :α

.  

 2.  ∅−∩ =)()( MM αα  for all 

))
2

1
()

2

1
()

1
()((\)9(~* MMMM nnn

nnQ
−
+−∪+∪

−
∪∈ :α

Proof: By Malik alet ., 1995, we know that 

c

na

c

na

±
+−

±
+

,
 are contained in 

MM n
orn )

1
(  )(

−
 where 3) 0(modc ≡/  and 

a

nc

a

nc

±
+−

±
+

,  are contained in 

MM n
or

n
)

2

1
(  )

2

1
(

−
+−+

 where 3) 0(moda ≡/ . 

Hence using Lemma 1.10  we have 

∅∩ =)()( MM αα
 for all 

))
2

1
()

2

1
()

1
()((\)9(~* MMMM nnn

nnQ
−
+−∪+∪

−
∪∈ :α

 

The 2nd part directly follows by Theorem 1.6  (Malik 

alet ., 2012).□ 

In the following lemma we use 

)(
3

1
)(=)(' nQnQnQ ′∪′′′′

. 

Lemma 4.2 Let 4) 1(modn ≡ . Then: 

)('\)9(  )('
4

1 ~* nQnQornQ
n ′′′′′′∈+

 

according as 24) 17(  1 modorn ≡  or 

24) 13(  5 modorn ≡  

Proof: The proof is straightforward.  
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Lemma 4.3 Let 12) 5(modp ≡  such that 1−p  is a 

perfect square. If 

∅≠
−

∪′′′ ))
1

()((\))('\)9(( ~* MM p
ppQpQ

, then either  

))
1

()((\))('\)9((
2

  
1 ~*

11

MM p
ppQpQ

t

p
or

q

p

−
∪′′′∈

++

. 

Proof: Using Remark 3.9 , 

},0
)(

,
1

{=)
1

()(
2

≤≤
−±
+±

±
+±

−
∪ pa

ap

papap
p MM

. If 

∅≠
−

∪′′′ ))
1

()((\))('\)9(( ~* MM p
ppQpQ

, then either 1−p  is not power of two or is power of 2  

using Remark 3.6  [?]. In first case 1−p  is not power 

of two then there exists 

))
1

()((\))('\)9((
1 ~*

1

MM p
ppQpQ

q

p

−
∪′′′∈

+

. If 1−p  is power of 2  then 4−p  is not power of 

2 . Thus there exists 

))
1

()((\))('\)9((
2

~*

1

MM
p

ppQpQ
t

p

−
∪′′′∈

+

.W  

Corollary 4.4 Let 12) 5(modp ≡  such that 1−p  is 

a perfect square. If  

∅≠
−

∪′′′ ))
1

()((\))('\)9(( ~* MM p
ppQpQ

, then  

)9()
1

()
1
()

1
()

1
()

1
()( *

1111

pQ
q

p

q

p

q

p

q

pp
p MMMMMM :⊆

−
+−

∪
−
+

∪
+−

∪
+

∪
−

∪

 or 

)9()
2

()
2

()
2

()
2

()
1

()( *

1111

pQ
t

p

t

p

t

p

t

pp
p MMMMMM :⊆

−
+−

∪
−
+

∪
+−

∪
+

∪
−

∪

Proof: The proof is straightforward and follows by 

Lemma 4.3 .□ 

Lemma 4.5 Let 24) 17(modp ≡  such that 1−p  is 

a perfect square. Then )9(~* pQ  splits into atleast 

twelve M -orbits for 17>p  

Proof: Using Remark 3.9 , 

}<,0
)(

,
1

{=)
1

()(
2

≤
−±
+±

±
+±

−
∪ pa

ap

papap
p M

amb

M

amb

 and 

1}1,3,...,=:
1

,

2

,
2

{=)
2

1
()

2

1
(

2
−

±
+±

±
−
+±

±
+±

−
+−

∪
+

pa
p

p

ap

papapp M

amb

M

amb

 Also )('\)9()
1

()( * pQpQ
p

p MM ′′′⊆
−

∪ :
 

and )(')
2

1
()

2

1
( pQ

pp MM ′′′⊆
−
+−

∪
+

. 

For 17>p  we have atleast four more M -orbits 

namely 
Mp

)
4

1
(

±
+±

 contained in )(' pQ ′′′  since 

otherwise 4= p  and hence 

MM ppp
)

2

1
()

2

1
(

4

1

−
+−

∪
+

∈
±
+±

. 

Hence For 17>p , 

MM ppp
)

2

1
()

2

1
(

4

1

−
+−

∪
+

∈/
±
+±

. This 

shows )(' pQ ′′′  contains atleast six M -orbits. 

By Corollary 4.4  we have six M -orbits either 

MMMMMM

q

p

q

p

q

p

q

pp
p )

1
()

1
()

1
()

1
()

1
()(

1111 −
+−

∪
−
+

∪
+−

∪
+

∪
−

∪

 or 

MMMMMM

t

p

t

p

t

p

t

pp
p )

2
()

2
()

2
()

2
()

1
()(

1111 −
+−

∪
−
+

∪
+−

∪
+

∪
−

∪

 contained in )('\)9(~* pQpQ ′′′ . Thus we have 

atleast twelve M -orbits.  

Lemma 4.6 Let 24) 13(  5 modorp ≡  such that 

1−p  is a perfect square. Then )9(* pQ :
 splits into 

atleast eight M -orbits for 13>p  

Proof: Using Lemma 

)('\)9(
4

1
 4.2, ~* nQnQ

n ′′′∈+ :
. Also  

)('\)9()
1

()( ~* pQpQ
p

p MM ′′′⊆
−

∪ . For 

MM p
p

p
p )

1
()(

4

1
 13,>

−
∪∈/

±
+±

 otherwise 
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for 
MMp )

1

13
()13(

4

131
 13,=

−
∪∈

±
+±

 hence 

Mp
)

4

1
(

±
+±

 exists and contained in 

)('\)9(~* nQnQ ′′′ . Thus  

)('\)9(

)
4

1
()

4

1
(

)
4

1
()

4

1
()

1
()(

~* nQnQ

nn

nnp
p

MM

MMMM

′′′⊆
−
+−∪

−
+∪

+−∪+∪
−

∪

 

and )(')
2

1
()

2

1
( nQ

pp MM ′′′⊆
−
+−

∪
+

. 

Hence we have eight M -orbits. □ 

Example 4.7 Let 37=p . By Theorem 

)9( 3.1, ~* pQ :
 splits in atleast four M -orbits, 

namely, 

MMMM p
and

pp
p )

2

1
(  )

2

1
(,)

1
(,)(

−
+−+

−
. 

By Theorem 3.6 , 32=|)
1

(| amb

Mp

±
 and 

16=|)
2

1
(| amb

Mp±
, 124|=)37(| *

1Q  and using 

Theorem 1.10 , 52|=)37(| ***

1Q . Using Theorem 

2.4 , 144=52)2(124|=)9.37(| ~*

1 −Q . Since  

144<96=|)
2

1
(||)

2

1
(||)

1
(||)(| amb

M

amb

M

amb

M

amb

M ppp
p

−
+−

+
+

+
−

+

.Therefore by Lemmas 4.2  and 4.3  atleast four more 

M -orbits exists which are 
M)

4

371
(

±
+±

. Also 

12=|)
4

371
(| amb

M

±
+±

. Here the sum of cardinalities 

of all eight orbits is 144 . Therefore we conclude that 

)9.37(~*Q  splits into exactly eight M -orbits. 

Lemma 4.8 Let 24) 1(modp ≡  such that 1−p  is a 

perfect square.Then )9(~* pQ  splits into atleast eight 

M -orbits. 

Proof: Using Remark 3.5 , 

≤≤
−±
+±

±
+±

−
∪ pa

ap

papap
p M

amb

M

amb ,0
)(

,
1

{=)
1

()(
2

 where 3)} 0(2 modap ≡/−  and  

3)} 0(  11,3,...,=:

2

,
2

{=)
2

1
()

2

1
( 2

2
modapwherepa

ap

papapp
M

amb

M

amb ≡/−−

±
−
+±

±
+±

−
+−

∪
+

 Also )('\)9()
1

()( * pQpQ
p

p MM ′′′⊆
−

∪ :
 

and )(')
2

1
()

2

1
( pQ

pp MM ′′′⊆
−
+−

∪
+

. 

MM ppp
)

2

1
()

2

1
(

4

1

−
+−

∪
+

∈/
+

 for 

24) 1(modp ≡  such that 1−p  is a perfect square. 

Since )('
4

1
nQ

p
′′′∈

+
. Thus we have four more 

M -orbits and conclude that )9(~* pQ  splits into 

atleast eight M -orbits.□ 

Example 4.9 Let 577=p . Then )9.577(~*Q  

splits into at least twenty M -orbits, namely, 
M)

1

577
( ,

M)
1

577
(

−
, 

M)
2

5771
(

+
,

M)
2

5771
(

−
+−

, 

M)
4

5771
(

+
, 

M)
4

5771
(

+−
, 

M)
4

5771
(

−
+

, 
M)

4

5771
(

−
+−

, 
M)

8

5771
(

+
, 

M)
8

5771
(

+−
, 

M)
8

5771
(

−
+

, 
M)

8

5771
(

−
+−

, 

M)
16

5771
(

+
, 

M)
16

5771
(

+−
, 

M)
16

5771
(

−
+

, 

M)
16

5771
(

−
+−

, 
M)

8

5773
(

+
, 

M)
8

5773
(

+−
, 

M)
8

5773
(

−
+

 and 
M)

8

5773
(

−
+−

. 

Lemma 4.10 Let 12) 5(modp ≡  such that 1−p  is a 

perfect square. Then 24) 5(  17 modorp ≡  according 

as 4) 2(  0 modorp ≡ . 

Proof: The proof is straightforward.□ 
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Remark 4.11 For 24) 5(modp ≡  such that 1−p  is 

a perfect square.   

1.  Let }1,=:)(
1

{= 2* ∈
±
+±

pcpQ
c

p
Y  

2.  Let 

},
2

1,=:)(
1

{=

2

* 


∈
±
+±

p
p

cpQ
c

p
Z

 

Then 
MM p

pYxY )
1

()()(
−

∪⊆∪  and 

MM pp
ZxZ )

2

1
()

2

1
()(

−
+−

∪
+

⊆∪ .□ 

Theorem 4.12 Let 24) 5(modp ≡  such that 

2

1

2 )(2==1 qpp − . Then: 

1212=|)
4

1
(=||)

4

1
(=||)

4

1
(=||)

4

1
(| +−

−
+−

−
++−+

p
pppp

amb

M

amb

M

amb

M

amb

M

 

Proof: The proof is analogous to Theorem 3.4 .□ 

Remark 4.13 Let 24) 5(modp ≡  such that 

2

1

2 )(2==1 qpp −
. Then: 

MM

q

pp
)

1
(=)

4

1
(

1

++
.□ 

Remarks 4.14 It can be easily seen by Malik and Aneesa, 

2011, Theorem 3.2  and Remark 3.3  that:   

• 257  and 761  are the only primes 

24) 17(modp ≡  and 2011<p  such that 

12=)( poM .  

• 401  and 1601  are the only primes 

24) 17(modp ≡  and 2011<p  such that 

12>)( poM  

For 401=p , )(' pQ ′′  splits into twenty M

-orbits, namely, 
Mp

)
1

( , 
Mp

)
1

(
−

, 
Mp

)
2

1
(

+
, 

Mp
)

2

1
(

−
+−

, 
Mp

)
4

1
(

+
, 

Mp
)

4

1
(

−
+

,

Mp
)

4

1
(

+−
, 

Mp
)

4

1
(

−
+−

, 
Mp

)
5

1
(

+
, 

Mp
)

5

1
(

+−
, 

Mp
)

5

1
(

−
+

, 
Mp

)
5

1
(

−
+−

, 

Mp
)

8

1
(

+
, 

Mp
)

8

1
(

−
+

,
Mp

)
8

1
(

+−
, 

Mp
)

8

1
(

−
+−

, 
Mp

)
16

1
(

+
, 

Mp
)

16

1
(

+−
, 

Mp
)

16

1
(

−
+

 and 
Mp

)
16

1
(

−
+−

. 

For 1601=p , )(' pQ ′′  splits into twenty eight M

-orbits, namely, 
Mp

)
1

( , 
Mp

)
1

(
−

, 
Mp

)
2

1
(

+
, 

Mp
)

2

1
(

−
+−

, 
Mp

)
4

1
(

+
, 

Mp
)

4

1
(

−
+

, 

Mp
)

4

1
(

+−
, 

Mp
)

4

1
(

−
+−

, 
Mp

)
5

1
(

+
, 

Mp
)

5

1
(

+−
, 

Mp
)

5

1
(

−
+

, 
Mp

)
5

1
(

−
+−

, 

Mp
)

8

1
(

+
, 

Mp
)

8

1
(

−
+

,
Mp

)
8

1
(

+−
, 

Mp
)

8

1
(

−
+−

, 
Mp

)
16

1
(

+
, 

Mp
)

16

1
(

+−
, 

Mp
)

16

1
(

−
+

, 
Mp

)
16

1
(

−
+−

, 
Mp

)
25

1
(

+
, 

Mp
)

25

1
(

+−
, 

Mp
)

25

1
(

−
+

, 
Mp

)
25

1
(

−
+−

, 

Mp
)

8

3
(

+
, 

Mp
)

8

3
(

+−
, 

Mp
)

8

3
(

−
+

 and 

Mp
)

8

3
(

−
+−

.  

• The primes 24) 5(modp ≡  and 2011<p  such 

that 8=)( poM  are 

4901,1613,19677,701,139,389,557,101,197,26  

and 1973 .  

• For 1901=p , )(' pQ ′′  splits into twenty four 

M -orbits, namely, 
Mp

)
1

( , 
Mp

)
1

(
−

,
Mp

)
2

1
(

+
, 

Mp
)

2

1
(

−
+−

, 
Mp

)
4

1
(

+
, 

Mp
)

4

1
(

−
+

,
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Mp
)

4

1
(

+−
, 

Mp
)

4

1
(

−
+−

, 
Mp

)
5

1
(

+
, 

Mp
)

5

1
(

+−
,

Mp
)

5

1
(

−
+

, 
Mp

)
5

1
(

−
+−

, 

Mp
)

10

1
(

+
, 

Mp
)

10

1
(

−
+

,
Mp

)
10

1
(

+−
, 

Mp
)

10

1
(

−
+−

, 
Mp

)
19

1
(

+
, 

Mp
)

19

1
(

+−
,

Mp
)

19

1
(

−
+

, 
Mp

)
19

1
(

−
+−

,
Mp

)
25

1
(

+
, 

Mp
)

25

1
(

+−
, 

Mp
)

25

1
(

−
+

 and 
Mp

)
25

1
(

−
+−

. It is also noted that 

1901  is the only prime 24) 5(modp ≡  and 

2011<p  such that 12>)( poM .  

• The following are the primes 24) 13(modp ≡  and 

2011<p  such that 8=)(~* poM : 

,121329,877,997,709,757,837,349,373  and 

1861.  
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